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2From  we compute the displacement eld  in Fourier
space through (k) = 2ikk
 2
(k) and transform to real
space. According to Equation (1), the displacement eld
only distorts the locations of the values in the primordial
map. So we interpolate the original temperature values
with a cloud-in-cell procedure to obtain the lensed temper-
ature map on a regular grid. Finally, we mimic an obser-
vation through Planck (Mandolesi et al. 1995) by adding
a Gaussian beam smearing and white noise. The beam
FWHM and the noise level per FHWM pixel are chosen
as 5:5
0
and 4:3  10
 6
, respectively (Efstathiou & Bond
1999).
As an example, Figure 1 shows a map with and without
lensing.
3. INTEGRAL GEOMETRY FOR CMB MAPS
Minkowski functionals were formally introduced into
cosmology by Mecke et al. (1994). Although the whole
family of these geometric descriptors was already men-
tioned in (Coles 1988), Schmalzing & Gorski (1998) rst
applied them to CMB maps. Bernardeau (1997) sug-
gested Minkowski functionals for detecting weak lensing
signatures in the CMB. For a continuous eld, we use the
Minkowski functionals to describe the geometry of its ex-
cursion sets, that is the area above a given temperature
threshold. In two dimensions, there are three Minkowski
functionals which correspond to well-known geometrical
quantities, namely the area v
0
, the circumference v
1
, and
the Euler characteristic v
2
.
The unlensed CMB maps obey Gaussian statistics.
Therefore, their statistical properties can be completely
characterized by the power spectrum C
`
. Following
Tomita (1990), we parametrize the Minkowski functionals
of the isotemperature contour at the normalized threshold












































The Appendix shows that the shapes of the Minkowski
functional curves of the lensed eld remain the same as in
the Gaussian case. So the non-Gaussianity manifests it-
self only in the normalization of the curves. Let us denote



































equals unity. As we shall see, lensing leads to deviations
from unity.
Even with high resolution and large sky coverage, these
changes are easily overcome by the cosmic error. There-
fore, accurate evaluation of the Minkowski functionals is
crucial. We use three independent methods and take
care that they produce compatible results. One of them
uses contour integration to evaluate the circumference and
the Morse theorem (Morse & Cairns 1969) to determine
the Euler characteristic (see e.g. Novikov et al. 1999).
Two more elaborate methods (Schmalzing & Buchert
1997) evaluate the Minkowski functionals via Crofton's
formula (Crofton 1868), and by averaging over invariants
formed from derivatives, respectively. Figure 2 shows the
Minkowski functionals of one of the models.
For each realization, we determine the non-Gaussianity
parameter  by tting the measured Minkowski function-
als to their expected Gaussian shapes. Since each of our re-
alizations covers only 15% of the sky, while for the Planck
satellite a sky coverage of 60% and more is expected, we
reduce our estimated variances by a factor of two. It is
also worth mentioning that we assume Gaussianity of the
convergence eld on scales of 5' and above. This is not ex-
actly true (Jain et al. 2000), so we expect an even stronger
signal from a rened analysis with a convergence eld cal-
culated from N{body simulations.
Table 1 summarizes our results. As expected, neither of
the unlensed models deviates signicantly from Gaussian-
ity. For the maps that include the weak lensing eect, the
average  is dierent from one. In all but one case, this
dierence is signicant, and in two out of the four investi-
gated models with lensing, the signicance level is above
95%.
4. DISCUSSION AND OUTLOOK
We have measured the weak lensing eect of large-scale
structure on the observed temperature anisotropies of the
CMB with Minkowski functionals. Numerical simulations
have shown that the eect can be signicant when ob-
served with the experimental specications of Planck. It
remains to be seen whether the Minkowski functionals can
directly measure any characteristics of large-scale struc-
ture. Since they are sensitive to smoothing, we expect that
varying the smoothing scale can reveal information on the
convergence eld on dierent scales. Most importantly,
however, we have proven that this method can measure
non-Gaussian signatures induced by weak lensing at all.
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Consider a scalar random eld  in two dimensions, e.g. the observed CMB temperature anisotropy. It can be related
to a scalar Gaussian random eld ', the intrinsic temperature anisotropy, through the vector-valued random eld , the
displacement, by Equation (1).
It is well-known that the PDF of the temperature eld, and hence the zeroth Minkowski functional v
0
, which is just the
integrated PDF, does not change at all under lensing. We write the other two Minkowski functionals as spatial averages
over invariants formed from the eld's derivatives
4















































In order to evaluate these two averages, we need to express the rst- and second-order derivatives of  in terms of the

































For the circumference v
1
, Equation (A1) involves only the rst derivatives of the observed eld  and therefore, by
Equation (A2), only the rst derivatives of the intrinsic eld '. Since these are independent of the value ' itself (Adler











































Turning to the Euler characteristic v
2
, we observe that Equation (A1) expressed in terms of the elds ' and  depends




















i = 0: (A5)
The remainder of the average in Equation (A1) again produces factors that do not depend on the threshold . So the
curve v
2









Indices following a comma denote a spatial derivative.
5
Summation over pairwise indices is implied throughout.
4Table 1
The \non-Gaussianity parameter"  from Equation (5). For a Gaussian random field,  should be unity, while
deviations from one are expected for a weakly lensed CMB sky.  and  are the average and standard error




CDM Planck no lensing 1.00019 0.00182
CDM Planck 1.0 1.00099 0.00153
CDM Planck 1.5 1.00209 0.00184
CDM Planck 2.0 1.00502 0.00186
SCDM Planck no lensing 0.99912 0.00171
SCDM Planck 1.5 1.00355 0.00183
Fig. 1.| The same patch of the microwave sky seen without (left) and with (right) the lensing eect by the large-scale structure of a
Standard Cold Dark Matter model normalized with 
8
= 1:5. The temperature of the CMB is reected in the temperature of the colors, and
contours are drawn at intervals of 0.5 times the variance. Both the deformation of individual peaks and the distortion of the relative positions
of the peaks are clearly visible.












Fig. 2.| Minkowski functionals for the lensed and unlensed maps observed by the Planck satellite. Results for the unlensed maps are
shown in grey, while black lines indicate the Minkowski functionals of the lensed maps. For both, the average and standard deviation are
shown in solid lines, while the expectation values for a Gaussian random eld with the same two-point characteristics are displayed in dashed
lines. Note that we only show the region around the maxima of the Minkowski functional curves, where the dierences are visibly signicant.
